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Abstract. Let p be a prime, and let k, n, m, no and mo be nonnegative 
integers such that k > 1, and o and mo are both less than p. K. Davis 
and W. Webb established that for a prime p > 5 the following variation 
of Lucas' Theorem modulo prime powers holds 

np k +n \ _ ( npLl^- 1 )/ 3 ! \(n a 
K mp k + mo J ^mpLlfc-iO/sj J v^mo, 

In the proof the authors used their earlier result that present a general- 
ized version of Lucas' Theorem. 

In this paper we present a a simple inductive proof of the above con- 
gruence. Our proof is based on a classical congruence due to Jacobsthal, 
and we additionally use only some well known identities for binomial 
coefficients. Moreover, we prove that the assertion is also true for p = 2 
and p = 3 if in the above congruence one replace L(fe — 1) /3J by [k/2\ , 
and by [(k — 1)/2J, respectively. 

As an application, in terms of Lucas' type congruences, we obtain a 
new characterization of Wolstenholme primes. 



1. INTRODUCTION AND MAIN RESULTS 

In 1878, E. Lucas proved a remarkable result which provides a simple 
way to compute the binomial coefficient (?) modulo a prime p in terms of 
the binomial coefficients of the base-p digits of nonnegative integers a and 
b with b < a. Namely, if p is a prime, and n, m, n and m are nonnegative 
integers with n Q ,m < p — 1, then a beautiful theorem of Lucas ([11]; also 
see [6]) states that for every prime p, 



np + n \ _ n\ n 
mp + m J \m J y mo 



(mod p) (1) 
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(with the usual convention that (°) =1, and ( ) = if I < r). After more 
than 110 years D. F. Bailey established that under the above assumptions, 
p can be replaced in (1) by p 2 [TJ Theorem 3], and by p 3 if p > 5 [H Theorem 
5]. Moreover, it is noticed in [TJ p. 209] that in the congruence (1) p cannot 
be replaced by p 4 . Using a Lucas' theorem for prime powers [HI Theorem 
2] (also cf. d Theorem 2]), in 1990 K. Davis and W. Webb [1 Theorem 3] 
generalized Bailey's congruences for any modulus p k with p > 5 and k > 1. 
Their result is improved quite recently by the author of this paper in |12j . 

Moreover, in 2007 Z.-W. Sun and D. M. Davis [18] and in 2009 M. 
Chamberland and K. Dilcher [2] established analogues of Lucas' theorem 
for certain classes of binomial sums. Quite recently, the author of this ar- 
ticle [15] discussed various cases of the congruences from Theorem A with 
n = m = in dependence of different values of exponents k and s. 

Another generalization of mentioned D. F. Bailey's Lucas-like theorem 
to every prime powers p k with p > 5 and k = 2,3,... was discovered in 
1990 by K. S. Davis and W. A. Webb ([HI Theorem 3], also see pH p. 88, 
Theorem 5.1.2]) and independently by A. Granville [7] (also see [8] and [6j 
Theorem 1]). Using mentioned result, in 1993 K. S. Davis and W. A. Webb 
[I] generalized Bailey's congruences for any modulus p k with p > 5 and 
k > 1. Namely, they proved the following congruence. 

Theorem A ([U Theorem 3]). Let p be any prime, and let k, n, m, no and 
s be positive integers such that < n ,m < p s . Then 

( nP T° + n0 ) = ( npk k )( n °) (mod!/* 1 ). 
\mp k+s + m J \mp k J \m J 



Remark 1. As noticed above, Theorem A is proved by the authors using 
their result in [31 Theorem 3] which is slightly more complicated (cf. re- 
marks by A. Granville in [6l Introduction]). The aim of this note is to give 
a simple elementary approach to the proof of Theorem A. For this purpose, 
in this note, we establish a simple induction proof of Corollary of Theorem 
A ([H Corollary 1]). We point out that, proceeding by induction on s, the 
congruence in this Corollary (our Theorem given below) allows us to estab- 
lish a short and simple proof of Theorem A. This proof will be presented in 
the following version of this article. 

Theorem ([JJ Corollary 1]). Let p be any prime, and let k,n,m,no and 
mo be nonnegative integers such that k > 1, and no and itlq are both less 
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than p. Ifp>5 then 

np k + no \ _ / npLO-U/sj \ / nQ 



mp k + itlq J \mp 

L(*-1)/3J I \ mo 



(mod/), (2) 



where \_a\ is the greatest integer less than or equal to a. 

Furthermore, for p = 2 the congruence (2) with \_k/2\ instead of \_(k — 
l)/3j is satisfied, and for p = 3 the congruence (2) with [(k — 1)/2J instead 
of \_(k — l)/3j is also satisfied. 

As noticed above, the congruences (2) for k = 2 and k = 3 are given 
by Bailey in [1, Theorem 3 and Theorem 5, respectively] (our Corollaries 
1 and 2, respectively). Recall that proof of Theorem 5 in [TJ is derived by 
using the congruence (^) = [^J (mod p 3 ) with p > 5 [H Theorem 4] and a 
counting technique of M. Hausner from [9]. This theorem is refined modulo 
p 5 by a recent result of J. Zhao [191 Theorem 3.5]. 

Our proof of the above theorem is inductive, and it is based on some 
congruences of Jacobsthal (see, e.g., pj]) and Sun and Davis [IB]- Namely, 
the following lemma provides a basis for induction proof of Theorem. 

Lemma. Let n, m and k be nonnegative integers with m < n and k > 1 . 
If p is a prime greater than 3, then 



np k \ { np^ k ^ ^ 



Furthermore, for p = 2 and p = 3 we have 

n-2 fc \ /n-2L fe / 2 J 
K m-2 k ) ~ Vm-2L*/2J 

n-3 fe \ fn-^-^W 
m-3 k ) ~ Im-S^- 1 )/^ 



(mod/). (3) 

(mod 2 k ), (4) 
(mod3 fc ). (5) 



Proof. We first suppose that p > 5. Then we claim that the congruence 

(mod p^ k - i+l )) (6) 



mp k I \mp k 



holds for all nonnegative integers n, m, k and i such that 1 < i < k. If we 
put i — k— [(k- 1)/3J in (6), then since 3(fc-i + 1) = 3[(A; — 1) /3J + 3 > 
3(A; — 3)/3 + 3 = k, we immediately obtain (3) from our Lemma. 
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(rnodp 6 ), (7) 



To prove (6), we use induction on i > 1. By a result of Jacobsthal (see, 

e.g., m, 

' np\ _ ( n 
K mp ) \m, 

for any integers n > m > and prime p > 5, where e is the power of p 
dividing p 3 nm(n — m) (this exponent e can only be increased if p divides 
B p _ 3 , the ( p — 3)rd Bernoulli number). Therefore, the congruence (7) with 
np k ~ 1 and mp k ~ 1 instead of n and m, respectively, is satisfied for the expo- 
nent e = 3 + 3(k — 1) = 3k. This is in fact the congruence (6) with i — 1. 

Now suppose that (6) holds for some i such that 1 < i < k — 1. Then by 
a result of Jacobsthal mentioned above, the congruence (7) with np h ^ ( - l+1 ^ 
and rnp k ~( l+lS) instead of n and m, respectively, is satisfied for the exponent 
e = 3+3(A; — (z+1)) = 3(k— i). This, together with the induction hypothesis 
given by (6), yields 

np k \ = (np k ~^\ (modp 3 M > 



mp k J \mp k 



as desired. 

If p = 2 then by [T8l Lemma 3.2, the congruence (3.3)], we have 

-'^ = ( _ 1)m ( n \ (mod 2 2ord 2 (n)+l 



2m / \m 

where ord2(n) is the largest power of 2 dividing n. 

Then by induction on k > 1, similarly as above, easily follows the con- 
gruence (4). 

Finally, if p = 3 then by [TH Lemma 3.2, the congruence (3.2)], we have 
3,A //A fmod 3 2ord3 ^ +2 ) 



3m ) \m 

where ords(n) is the largest power of 3 dividing n. 

Then by induction on k > 1 easily follows the congruence (5). 

This completes the induction proof. □ 

Proof of Theorem. First suppose that p > 5, and that k is any fixed 
positive integer. In order to prove the congruence (2), we proceed by in- 
duction on the sum s := no + m > 0, where < no, m <p—l, and hence 
< s < 2p — 2. If s = 0, that is n = m = 0, then the congruence (2) 
reduces to the congruence (3) of our Lemma. 

Now suppose that the congruence (2) is satisfied for all n, m, and mo 
such that no + mo = s for some s with < s < 2p — 3. Next assume that 
no and mo are any nonnegative integers such that no + mo = s + 1. Then 
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consider the cases: no < m , no = mo > 1 and n > m + 1. 

Case 1 . no < m . Then (^") = 0, and hence the right side of (2) is 

equal to 0. Using the identity (') = ^ ±1 ( r l 1 ), we find that 

/ np k + n \ _ p k (n - m) - (m - n - 1) / np k + n \ 
\mp k + m J mp k + m \mp k + (m — 1) J 

If no = mo — 1 then since 1 < m < p — 1, the first factor on the right 
hand side of the above equality is divisible by p k . If n < m — 1 then since 
no + (mo — 1) = s, by the induction hypothesis, we get 



np k + n \ = /npL(*-D/3J\ / nQ 
mp k + {mo — I) J ^mpLO-uAl J \jno — 1 

Hence, in both cases we obtain 



(mod /). 



np k + n \ = Q = ( npU k 1)/3J \/no\ , d fc . 
mp k + moJ \mp^ k ~ v >/^ J \m J 

as desired. 

Case 2. n = m > 1. If n = m > 1, then by the identity (') = 
l ~ r r +1 ( , in view of 1 < n < p — 1 and n + (m — 1) = s, the induction 
hypothesis gives 

' np k + no \ p k {n — m) + 1 / np k + no 



(mod p k ) 



mp k + no) mp k + n \mp k + (n — 1) 

_ p k (n — m) + 1 / npKfe-U/sJ \ / nQ 



mp k + no \mpL( fc-1 )/ 3 J / \n — 1 



p k (n - m) + I ( np^ k 1)/31 * 
= n o-— — T-— ( „,,,_ lVS i (modp). 



mp k + n YmpL( fc_1 )/ 3 J 
This congruence and the fact that 1 < n < p — 1 imply 
'np fc + n \ / np^- 1 )/ 3 ! \ /n 



mp k + n Q J \mp^ k 1 )/ 3 J / \n 
( p k (n-m) + l \ /np^-U/3j 



+ n / ynpL( fe_1 )/ 3 J 

u n (n - m) - m ( npL^-uAl \ 

= P • — — /TT irfc-n/3i = m od P ), 

nyr + n \mp\- KK y >i^ J 

whence follows (2). 

Case 3. n > m + 1. Then we proceed in a similar way as in Case 
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2. Using the identity ( ) = j^:^^. 1 ), m view of 1 < Uq — m < p — 1 and 
(n — 1) + m = s, the induction hypothesis yields 

np k + n \ np k + n f np k + (n Q — 1] 



(mod p k ) 



mp k + mo J p K {n — m) + no — mo \ mp k + tuq 



p k \ 


n 


— m) 


+ riQ 


- m 






h 

np 


+ n 




p k { 


[n 


— m) 


+ n 


- m 






h 

np 


+ n 




p k \ 


[n 


— m) 


+ n 


- m 



,L(fc-i)/3j l\ m 



n pl( k U/3J \ / no \ no — nio 



jnoj no 

The above congruence and the facts that 1 < no < p — 1 and 1 < no — mo < 
p — 1, yield 

np k + uq\ ( npL( fe — !)/3j \ f no 



mp k + mo J \mp^ k 1 )/ 3 J / \mo 
n — m np k + n \ / npL( fe-1 )/ 3 -l \ f n 



n p k (n — m) + no — m J \mp^ k X )/ 3 J y ymo 



(mod p fc ) 



= p* ^mo-nmo fnp^M \/n \ Q pfc 

no(p k (n — m) + n — m ) ympLCfc- 1 )/ 3 ] y ymoy 

and so, (2) is satisfied. 

This concludes the assertion for any prime p > 5. 

The assertions of Theorem for p = 2 and p = 3 can be obtained by using 
the same method as in the above induction proof for p > 5, and hence may 
be omitted. Recall that the bases of induction proofs related to p = 2 and 
p = 3 are the congruences (4) and (5) of Lemma, respectively. 

This completes the induction proof of Theorem. □ 

We now obtain two immediate consequences of Theorem. 

Corollary 1 ([TJ Theorem 3]). If p is a prime, n,m,no and m are 
nonnegative integers, and no and mo are both less than p, then 



np 2 + n \ _ I n \ I n 



mp z + mo ) \m J \mo 



(mod p 2 



Proof. First observe that the above assertion for p > 5 is a particular 
case of Theorem for k = 2. 

If p = 3 then taking k = 2 in (5) of Leemma, we obtain 

9n\ _ ( n 
9m J \m. 



(mod 9). 
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If we assume that the above congruence is a base of induction, then applying 
the same method as in the proof of Theorem for the case p > 5, we obtain 



9n + n \ _ I n\ / n 
9m + mo / \m / \ m o 



(mod 9), 



for all n, m, no and mo with < no < 2 and < mo < 2. 
Analogously, using the same argument, if we prove that 



4n\ _ Sri 
Am J V m 



(mod 4), (8) 



then it follows that 

An + n \ _ I n\ / ' n 
Am + mo / \m / \mo 



(mod 4), 



for all n, m, no and mo such that < no < 1 and < mo < 1. 

To prove (8), note that by (4) of Lemma, we have ( 4 ^) = Q nS j (mod 4), 
and thus (8) is equivalent to the congruence 

2 2 :M») <mod4) (9) 

By the last congruence in the Proof of Lemma 3.2 in [18J, we have 

G 2 :) - -(- l ) m2 " 2 (^- 1 l) (i± T^ , <mod 22 " d2, " ,+2) - 

(10) 

If m is even, then the above congruence immediately yields (9) for all n. 
If m is odd and n is even, then by Lucas' Theorem, (") = (mod 2), and 
thus (10) implies that 

2n\ f n \ ,/n - l\ . , . 

= - + 2n 2 [ mod 4 

2m/ \m J \m— 1/ 

n ) = ( n ) Hod 4). 
m / \m / 

Finally, if n and m are both odd, then from the identity 7n( n ) = w( n ~ 1 ) 
we see that the integers (") and have the same parity. This fact 

implies that 2(^) = 2^"^) (mod4), which together with the fact that 
n 2 = 1 (mod 4), by (10) yields 

2n\ ( n\ (n — 1\ I ' n\ , , JS 
= - +2 = mod 4 . 

2m/ \m/ \ m — 1 / \m/ 
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This completes the proof. □ 

Corollary 2 ([.1, Theorem 5]). Let p be a prime greater than 3. If 
n, m, n and m are nonnegative integers with n and m less than p, then 



np 3 + n \ _ / n\ I n 



mp- 3 + mo / \m J \tuq 



(mod p 3 



Proof. Clearly, the above assertion is a particular case of Theorem for 
k — 3 with a prime p > 5. □ 

2. A CHARACTERIZATION OF WOLSTENHOLME PRIMES 

A prime p is said to be Wolstenholme prime if it satisfies the congruence 
( 2p ~i) = 1 (niodp 4 ), or equivalently, 



2p 
P 



= 2 (modp 4 ). (11) 



The two known such primes are 16843 and 2124679, and Mcintosh and 
Roettger reported in [IT] that these primes are only two Wolstenholme 
primes less than 10 9 . However, Mcintosh in [16] conjectured that there are 
infinitely many Wolstenholme primes (also see [13] and [TU Section 7]). 

As an application of Theorem of Section 1, in terms of Lucas' type con- 
gruences, we obtain the following characterization of Wolstenholme primes. 

Proposition. The following statements about a prime p > 5 are equiva- 
lent. 

(i) p is a Wolstenholme prime; 

(ii) for all nonnegative integers n and m, 



np \ I n 

mp J \m 



(mod/); (12) 



(Hi) for all nonnegative integers n, m, n and m such that n and m are 
less than p, 

np A + n \ fn\fn \ , 

mod p ). (13) 
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Proof, (i) =>■ (ii). By a special case of Glaisher's congruence ([5j p. 21]; 
also cf. [TBI Theorem 2]), for each prime p > 5, 



2P (mod/), 
p-lj 3 



where -B p _3 is the (p — 3)rd Bernoulli number. This shows that a prime p is 
a Wolstenholme prime if and only if p divides the numerator of B p _ 3 . On 
the other hand, by a result of Jacobsthal mentioned in the proof of Lemma 
(after the congruence (7)), the congruence (12) is satisfied for any integers 
n > m > and prime p > 5 only if p divides -Bp-3. 

(ii) =>- (Hi). Note that for any prime p > 5 and k = 4 the congruence (2) 
of Theorem becomes 



np A + no \ _ ( np\ ( n 
mp A + mo J \mp J \mo 



(mod p ). 



If we suppose that (12) is satisfied for all nonnegative integers n and m, 
then (12) and the above congruence immediately yield (13), as desired. 

(Hi) =3- (i). If we suppose that (13) holds, then taking n = 2, m — 1, 
n o — m o — in (13), we obtain the congruence (^ p 4 ) = 2(modp 4 ). On 
the other hand, taking n = 2, m = 1, k = 4 and i — 3 in (6), we have 
( 2 ^ 4 ) = ( 2p ) (modp 6 ). These two congruences immediately imply (11), and 
thus p is a Wolstenholme prime. 

This completes the proof. □ 

REMARK 2. Note that for any prime p > 5 and for every k G {4, 5, 6} the 
congruence (2) of Theorem becomes 



np k + n \ _ f np\ f n 



mp k + mo J \mp J ym 



(modp fc ). (14) 



Note that the first factor on the right side of (14) is equal to (^f), and 

that for k = 4 it can be replaced in (14) by Q^J if and only if (^J = 

(") (modp 4 ). Therefore, according to our Proposition, this is the case if 
and only if p is a Wolstenholme prime. Similarly, for k = 5, this factor can 
be replaced in (14) by ( n ) if and only if 



np \ _ n 
mp J \m 



(mod p 5 ) (15) 



for all n and m. 

By Wolstenholme 's theorem (see, e.g., [191 Theorem 1]), if p is a prime 
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greater than 3, then the numerator of the fraction 

11 1 

H(p- 1) := 1 + - + - + 



2 3 p- 1 

is divisible by p 2 . Now we define w p < p 2 to be the unique nonnegative 
integer such that w p = H(p — l)/p 2 (modp 2 ). It is well known (see e.g., 
0) that 

w p = --B p ^3 (modp). 

Furthermore, by a recent result of J. Zhao [191 the congruence (10) of Theo- 
rem 3.2], for given prime p > 7 the congruence (15) is satisfied for all n and 
m if and only if w p = 0. However, using the argument based on the prime 
number theorem, Mcintosh [TBI P- 387] conjectured that no prime satisfies 
the congruence ( 2p ~l) = 1 (modp 5 ). Since the previous congruence is is a 
particular case of (15) for n = 2 and m — 1, Mcintosh's Conjecture suggests 
the following. 

Conjecture. The exponent \_(k — 1)/3J m £/ie congruence (2) o/ Theorem 
can only be decreased for k = 4 w/ien p is a Wolstenholme prime. 

REMARK 3. Given any prime prime p and k > 2, setting n = m = n = 1 
and m = in (2) of Theorem, we obtain 



^+^ = p^ + l = l (mod/). 



This, together with the trivial fact that p fc + 1 ^ 1 (modp fc+1 ), shows that 
the exponent k of the modulus (modp k ) in the congruence (2) of Theorem 
cannot be increased for none k and p. 
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